Different routes towards canonical formulation of a specific non-minimally coupled higher-order theory of gravity, result in at least two different Hamiltonian, which are not related under canonical transformation. Both the Hamiltonian yield correct classical field equations, but different phase-space structures of the fields. Further, since in the quantum domain again, the two produce distinct, but perfectly well-behaved dynamics, there is in principle no way to pick up one as the correct and unique Hamiltonian. Thus, non-minimally coupled higher order theories suffer from the pathology of "Degenerate Hamiltonian". However, we also suggest a possible remedy to the aforesaid problem.
Introduction
One cannot avoid the presence of higher order curvature invariant terms when gravity is strong enough, particularly in the very early universe or in the vicinity of a black-hole. Naturally, canonical formulation of such theories is a very important issue to study, which is of-course non-trivial. Since, a fourth order field equation may be cast into two second order ones in view of an additional degree of freedom, so canonical formulation of higher order theory of gravity with curvature squared term may be performed in view of the basic variables, viz., the three-space metric hij and the extrinsic curvature tensor Kij . The oldest technique in this context was developed long ago by Ostrogradski [1, 2] . However, if the Hessian determinant vanishes and the Lagrangian becomes singular, e.g. in the presence of lapse function ( N ), Ostrogradski's technique does not work and it is required to follow Dirac's algorithm of constrained analysis [3, 4] , for the purpose. Instead of extrinsic curvature tensor, one can instead start with some specifically formulated auxiliary variables suggested by Horowitz [5] to bypasses the constrained analysis and at the end translate to the basic variable ( Kij ) through canonical transformation, to obtain the same phase-space Hamiltonian. All these techniques tacitly assume δhij | ∂V = 0 = δKij| ∂V at the boundary. As a result, the total derivative terms appearing under integration by parts vanish at the boundary, and therefore in these techniques, the actions corresponding to higher order theories are devoid of supplementary boundary terms. Other than the fact that in the process, one looses a well cherished Gibbons-Hawking-York boundary term [6, 7] , some additional problems with Horowitz' formalism, (which yields same phase-space structure of the Hamiltonian obtained following Dirac's technique of constraint analysis) were explored sometimes back [8, 9, 10, 11, 12] . In view of these, yet another treatment towards canonical formulation of higher order theory of gravity had therefore been developed by the name "Modified Horowitz' Formalism" (MHF) [9, 10, 11, 12, 13, 14, 15, 16, 17] , in which δhij | ∂V = 0 = δR| ∂V at the boundary, R being the Ricci scalar. In this formalism the total derivative terms obtained from the action following integration by parts don't vanish. Therefore, in order to cancel the total derivative terms, it is required to supplement the action with appropriate boundary terms. MHF produces a Hamiltonian different from the earlier ones.
A major problem has been encountered in an attempt to compare the two different phase-space Hamiltonian obtained following the two techniques. Although, in the minimally coupled case of higher order theory of gravity, the phase-space Hamiltonian obtained following the latter treatment (MHF) is related to those obtained following the earlier ones (Ostrogradski's/ Dirac's/ Horowitz' treatments) under canonical transformation relations [16] , nevertheless, for nonminimally coupled situations they are not [16, 17] . In the present work we show that the two Hamiltonian obtained following the aforesaid different techniques, are well-behaved both in the classical and quantum domains, and therefore the are distinct. Fields associated with a particular system must have unique phase-space structure, but practically there is no way to pick one to be the correct description of the theory. This leads to the pathology of "Degenerate Hamiltonian", which as we have already mentioned is realized for non-minimally coupled higher order theories.
In the following section, we take up three such systems described by non-minimally coupled higher-order theories to demonstrate the pathology of "Degenerate Hamiltonian. In section 3, we suggest a possible resolution to the pathology and finally conclude in section 4.
Canonical formulation of non-minimally coupled higherorder theory of gravity
The whole analysis is performed in the Robertson-Walker mini-superspace model
where we use the basic variables hij = a 2 δij = zδij , and kij = −ḣ
The Ricci scalar in connection with the metric (1) is expressed as
In the following subsections, we study non-minimally coupled scalar-tensor theory of gravity in the presence of scalar curvature squared term, and scalar-tensor theory of gravity in the presence of coupled higher-order term. These studies explore the pathology of degenerate Hamiltonian.
Scalar-tensor theory of gravity in the presence of higher-order term
In a recent article [17] , the following gravitational action
has been extensively studied in the context of the evolution of the early universe. In the above action, the boundary terms are ΣR = 2 K √ hd 3 x , and Σ R 2 = 4 ( 4 R)K √ hd 3 x . In the minisuperspace (1) under consideration, the above action (4) is expressed as
In the above, ΣR = − 
We do not write the space-space component of Einstein's equation, since it is not an independent equation. The above field equations (6) admit the classical inflationary solution (for k = 0, N = 1 ) in the form
under the conditions
12
, where, V0 = 12f1Λ
In the process the forms of the coupling parameter f (φ) as well as the potential V (φ) have been found, which we shall require at a later stage. As already mentioned in the introduction, we need to construct the phase-space structure of the action (5), which requires additional degree of freedom, and the basic variables in the present case are (z, x, φ, pz, px, p φ ) . It is noticeable that unlike Einstein-Hilbert action, the higher-order modified action contains time derivative of the Lapse function N , which is essentially a Lagrange multiplier. Therefore, in the process of canonical formulation of the action as well as formulating the phase-space Hamiltonian, one has to establish the diffeomorphic invariance H = N H of the theory, which is indeed a non-trivial task. Since the Hessian determinant vanishes, so the Lagrangian becomes singular, and can either follow Dirac's constraint analysis (which gives the same result as Horowitz' formalism), or the modified Horowitz' formalism (MHF) for the purpose of canonical formulation. In the following we treat both the techniques to show that the two end up with two different Hamiltonian. We also demonstrate the fact that both the Hamiltonian are viable in the classical and the quantum domain establishing a degeneracy.
Dirac Hamiltonian: Canonical quantization and semiclassical approximation
As already mentioned in the introduction, in the Dirac's formalism δhij = 0 = δKij at the boundary, and so the total derivative terms in action (4) as well as in (5) vanish trivially. Therefore, it is customary to start with the action A1 (5) being devoid of the supplementary boundary terms, viz.,
Introducing the definition (2) as a constraint through a Lagrange multiplier λ in the associated Lagrangian corresponding to the action (9) as
momenta are found as
which involve three primary second class constraints. Analysing the constraints appropriately following Dirac's algorithm, the phase-space structure of the Hamiltonian was computed as (see appendix B.2 of reference [17] )
, where, Ψ01 = ψ01e
Thus, first-order approximation only modifies the pre-factor of the wavefunction, keeping the oscillatory behavior of the wave function unaltered. The oscillatory behaviour of the wavefunction indicates that the region is classically allowed and the wavefunction is strongly peaked about a set of exponential solutions (7), (8) to the classical field equations (6) . This establishes the correspondence between the quantum equation and the classical equations, resulting in a viable quantum theory. So altogether, for the system (4), the Hamiltonian (12) obtained following Dirac's constraint analysis starting from the action (9) is particularly well-behaved. It is important to mention that Horowitz' formalism also results in the same Hamiltonian (12) (see Appendix B.3 of [17] ). In fact choosing the gauge N = 1 a-priori, degeneracy disappears from the action (9) and Ostrogradski's treatment may be followed to obtain the same Hamiltonian H1D (12) yet again (see Appendix B.1 of [17] ).
Modified Horowitz' Formalism (MHF)
In the modified Horowitz' formalism δhij = 0 = δR at the boundary, and therefore the supplementary boundary terms appearing in (4) as well as in (5) are required. It is customary to integrate the action (5) by parts, as a result of which the total derivative terms get canceled with the supplementary boundary terms f (φ)ΣR and
, leaving behind the boundary term Σ R 2
2
. The action to start with, then reads as,
Thereafter, it is required to choose an auxiliary variable taking the derivative of the action with respect to the highest derivative appearing in the action, which in the present case is Q =
After introducing the auxiliary variable in the action judiciously, integration by parts is performed once again so that the total derivative term gets canceled with the supplementary boundary term Σ R 2
. The Hamiltonian is then constructed and at the end the auxiliary variable ( Q ) and its canonically conjugate momentum ( PQ ) is replaced with the basic variable x and Px , so that the phase-space structure of the Hamiltonian in the modified Horowitz' formalism is evaluated as [17] 
The action (28) may also be expressed in canonical form as,
In the above, Pij and Π ij are momenta canonically conjugate to hij and Kij respectively. In an earlier work [17] , canonical quantization of the Hamiltonian (29) has been performed, probabilistic interpretation has been explored and in view of the solutions (7) and (8), the viability of quantum dynamics was tested under an appropriate on-shell semiclassical approximation. Upto first order of approximation, the semiclassical wavefunction was obtained as [17] Ψ1M = Ψ02e
, where, Ψ02 = ψ02e
Thus the semiclassical wavefunction here again executes oscillatory behaviour and therefore strongly peaked around the classical inflationary solution (7) and (8). This fact dictates that the Hamiltonian (29) is viable as well.
Nevertheless, the two Hamiltonian (12) and (29) are distinct for the following reasons. Firstly, it is important to mention that, the presence of the coupling in the action (4) has only its shear presence in Dirac Hamiltonian (12), and doesn't affect its form from the one obtained with constant coupling (see reference [16] ). Thus, for canonical quantization with Dirac Hamiltonian there is no need to have specific knowledge of the coupling parameter f (φ) . On the contrary, for the purpose of canonical quantization, here in modified Horowitz' formalism, a specific form of f (φ) is required to resolve the problem of operator ordering ambiguity appearing due to the presence of f ′ (φ) and P φ in the fourth term of the above Hamiltonian (29). Next, in the MHF, the Hamilton-jacobi function and the zeroth order on shell action have been found to match as
It is important to mention that to find the on-shell action, one should substitute classical solution in the action we started with in MHF, viz. (28). Clearly, the result is different from the one obtained following Dirac's algorithm (24) . Further, one can easily notice that although, the two wavefunctions (27) and (31) have identical forms, they have different pre-factors and exponents. Finally, indeed there exists a set of transformation relations in the form
which relates the two Hamiltonian (12) and (29), however, the transformations are not canonical.
Thus, although, the two Hamiltonian (12) and (29) lead to the same classical field equations, the phasespace structures are different, leading to distinct although viable quantum descriptions. These facts clearly reveal that the two Hamiltonian (12) and (29) are different by and large, leading to the pathology of the so-called "Degenerate Hamiltonian". In the following subsection we cite another example of such degenerate Hamiltonian.
Non-minimal coupling appearing with higher order term
To demonstrate the fact that the pathology of degenerate Hamiltonian is a generic feature of non-minimal coupling, we take up yet another example. Since this case has not been treated earlier, we explicitly show how two different canonical formalisms produce two distinct Hamiltonian. The action is chosen in the following manner as,
where the higher order term viz. R 2 is coupled with the scalar field. Although, such an action might not be interesting in the cosmological context, it reveals our present purpose. In the Robertson-Walker minisuperspace (1), the above action (34) may be expressed using (3) as
As in the earlier situation (5) here again we note the time-derivative of the Lapse function is present in such a manner that it appears as a dynamical variable, while it is essentially a Lagrange multiplier. Therefore, establishing diffemorphic invariance is of-course a non-trivial task. To proceed, we write down the scalar field and the time-time component of Einstein's field equations, which arë
The above field equations (36) admit the following set of inflationary solution in the flat space ( k = 0 ),
which we shall require at a later stage.
Dirac's constraint analysis
As already mentioned, usually, the canonical formulation of higher order theory tacitly assumes δhij | ∂V = 0 = δKij| ∂V . Therefore, it is customary to start with action (35) being devoid of supplementary boundary terms, which is,
Now substitutingż N = x , in the above action one can write the associated point Lagrangian as,
One can easily check that the Hessian determinant vanishes and hence the above point Lagrangian (39) is singular. Clearly therefore Ostrogradski's technique doesn't work and it is required to follow Dirac's constraint analysis. For this purpose, let us therefore introduce the constraintż N − x = 0 through Lagrange multiplier λ in the Lagrangian corresponding to action (38) as before, so that the point Lagrangian now reads as,
The corresponding canonical momenta are now
The constraint Hamiltonian therefore is,
Clearly we require three primary constraints involving Lagrange multiplier or its conjugate viz, φ1 = N pz −λ ≈ 0, φ2 = p λ ≈ 0, and, φ3 = pN ≈ 0 , which are second class constraints, as {φi, φj} = 0 . Note that, since the lapse function N is non-dynamical, so the associated constraint vanishes strongly, and therefore it may be safely ignored. The first two second class constraints can now be harmlessly substituted and the modified primary Hamiltonian reads as,
In the above, u1 and u2 are Lagrange multipliers, and the Poisson brackets {x, px} = {z, pz} = {λ, p λ } = 1 , hold. The requirement that the constraints must remain preserved in time is exhibited in the Poisson brackets {φi, Hpi} viz,
Now, constraints must also vanish weakly in the sense of Dirac. As a result, {φ1, Hp1} =φ1 ≈ 0 , requires
, and {φ2, Hp1} =φ2 ≈ 0, requires u1 = x . On thus imposing these conditions, Hp1 is then modified by the primary Hamiltonian Hp2 as
Now, again since constraints must vanish weakly in the sense of Dirac, therefore in view of the poisson bracket {φ1, Hp2} =φ1 ≈ 0 , one obtains p λ = 0 . Thus the Hamiltonian finally takes the form,
So at this end we have obtained the canonical form of the Hamiltonian and at the same time, diffeomorphic invariance has been established. The action (38) may also be expressed in canonical form in the following manner. In view of the Hamilton's equations,
Further, using (46) one finds,
and therefore, the action (38) can now be expressed in the canonical form in terms of the basic variables as,
where, p ij and π ij are momenta canonically conjugate to hij and Kij respectively. Thus, canonical formulation of the higher order theory of gravity (34) under consideration has been performed in R-W minisuperspace background (1). In fact, following Horowitz' technique [5] the same result emerges. It may also be mentioned that under the gauge choice N = 1 , a-priori, the point Lagrangian (39) becomes regular, and one can follow Ostrogradski's formalism [1, 2] to end up with the same Hamiltonian HD (46) and the canonical action (49).
Canonical Quantization:
For canonical quantization, one needs to know the commutation relations between the variables and momenta. It might not be trivial, since the constraints are second-class as already mentioned. To proceed, one needs to compute Dirac's bracket (DB) instead of Poisson bracket (PB). Dirac bracket of two functions on phase space, h and g , is defined as
where, Mij = {φi, φj}P B , which always has an inverse denoted by M −1 ij . In the present case, the matrix and its inverse are simply Mij = 0 −1 1 0 , and M ij
. Therefore, the Dirac bracket reduces to the following form
where ǫij is the Levi-Civita symbol. A straight forward computation yields {z, pz}DB = {z, pz}P B + ǫ11{z, φ1}P B {φ1, pz}P B + ǫ12{z, φ1}P B {φ2, pz}P B + ǫ21{z, φ2}P B {φ1, pz}P B + ǫ22{z, φ2}P B {φ2, pz}P B = {z, pz}P B = 1.
Likewise, {x, px}DB = {x, 
where Weyl symmetric operator ordering has been performed in the 1st. and the 3rd. terms appearing on right hand side, n being the operator ordering index. Under a further change of variable, the above modified Wheeler-de-Witt equation, takes the look of Schrödinger equation, viz., (54) where, the proper volume, σ = z ) is the effective potential. The hermiticity of the effective Hamiltonian is ensured for n = −1 , which enables one to write the continuity equation as,
where, ρ = Ψ * Ψ and J = (Jx, J φ , 0) are the probability density and the current density respectively, with,
In the process, probabilistic interpretation becomes straight-forward for higher order theory of gravity under consideration following Dirac's algorithm.
Semiclassical approximation:
Since we have a set of classical solutions (37) at hand for flat space, therefore to perform semiclassical approximation, we take up the quantum equation (53), set k = 0 and express it as,
where, V = z
The above equation may be viewed as time independent Schrödinger equation with three variables x , z and φ . Hence, as usual let us seek the solution of the wave-equation as,
and expand S in power series of as,
so that,
etc., where "comma" in the suffix stands for derivative. Now, inserting Ψ, Ψ,x, Ψ,xx, Ψ,z, Ψ ,φφ etc. in view of (57), and (59) in equation (56) and equating the coefficients of different powers of to zero, the following set of equations (upto second order) are obtained.
which are to be solved successively to find S0(x, z, φ) , S1(x, z, φ) and S2(x, z, φ) and so on. Now identifying S0,x with px , S0,z with pz and S 0,φ with p φ , one can obtain the Hamilton constraint equation (46). Further in view of the definition of canonical momenta px and p φ (41) and pz = −ṗx (47), it is also possible to regain the time-time component of Einstein's equation (36) in flat space. So far so good, since everything is consistent and there is no problem as such. Now, in order to compute S0(x, z, φ) let us express it as,
apart from a constant of integration which may be absorbed in Ψ0 . In view of the classical solution (37), it is possible to interrelate all the variables. For example,
and so on. The integrals in the above expression (61) can therefore be evaluated using the definitions of momenta (41) and (47) as,
Therefore the form of S0(x, z, φ) reads,
Now to find the zeroth order on-shell action, we use classical solution (37) to express all the variables in the action (38) or (49) as well, in terms of z using (62), and then integrate to obtain ( N = 1, k = 0 ),
Since Hamilton-Jacobi function matches with the zeroth-order on-shell action, so everything is consistent. Therefore, proceeding as before, upto first order of approximation, the semiclassical wavefunction is obtained as
Again we obtain a wavefunction which is oscillatory about classical inflationary solutions, and therefore is well behaved.
Modified Horowitz' Formalism (MHF)
In the previous subsection we have found a reasonably viable classical and quantum description of the nonminimamlly coupled higher order theory (34) under canonical formulation, following Dirac's constraint algorithm. Here in this subsection, we follow modified Horowitz' formalism (MHF) of canonical formulation of the same (34) to check how things behave. As mentioned in the introduction, in this formalism, δhij | ∂V = 0 = δR| ∂V , i.e instead of Kij , R is kept fixed at the boundary. As a result, total derivative terms don't vanish automatically and supplementary boundary terms are required for mutual cancellation. Therefore, one has to first integrate action (35) by parts, so that some of the total derivative terms are cancelled with the supplementary boundary terms and follow modified Horowitz' formalism starting from the action
where, Σ R 2
, in the action (67) and integrating by parts, one obtains
Canonical momenta are
The N variation equation is
, therefore, it is straight forward to cast the phase-space structure of the Hamiltonian as,
Now to establish diffeomorphic invariance, we express the Hamiltonian in terms of the basic variables. This is performed by replacing the auxiliary variable {Q, PQ} to basic variable {Kij , Π ij } . For this purpose, we choose x =ż N , so that we need to replace Q by Px N and PQ by −N x to find,
The diffeomorphic invariance is thus established. The action (67) we started with in MHF, may be also be expressed in canonical form as before
where, P ij and Π ij stand for the momenta canonically conjugate to hij and Kij respectively. Although the two Hamiltonian (46) and (72) produce the same and unique classical field equations, they differ from each other by and large. For example, (46) contains a linear term in px , which is absent from (72). On the contrary, (72) contains a linear term in P φ . Further the effective potentials are also different. Although, the two are related under the set of transformation relations,
which are to be solved successively to find S0(x, z, φ) , S1(x, z, φ) and S2(x, z, φ) and so on. Now identifying S0,x with Px , S0,z with Pz and S 0,φ with P φ , one can obtain the Hamilton constraint equation (46). Further in view of the definition of canonical momenta Px and P φ (41) and Pz = −Ṗx (47), it is also possible to regain the time-time component of Einstein's equation (36) in flat space. So everything so far is consistent. Now, in order to compute S0(x, z, φ) , let us express it as,
Canonical momenta (69) therefore take the following forms,
One can also compute the form of the zeroth order on-shell action ( k = 0, N = 1 ) in view of the action (67), or equivalently in view of the canonical action (73), using the Hamiltonian (72), and the interrelations between the variables (85) and the definition of momenta (86a) as
Hence, the above zeroth order on shell action (88) matches here again with Hamilton-Jacobi function (87). Nevertheless, one may note the difference between the Hamilton-Jacobi functions obtained following Dirac's algorithm (64) and modified Horowitz fomalism (87), which distinguish the two Hamiltonian as distinct. As before, it is also possible to find the semiclassical wavefunction upto first order approximation which results is, Ψ2M = Ψ04e
The wavefunction here again executes oscillatory behaviour about classical inflationary solutions, and therefore is well behaved.
In a nut-shell, here again one finds that canonical formulation of action (34) or equivalently (35) in Robertson-Walker metric (1), following Dirac's algorithm and modified Horowitz' formalism end up with two different Hamiltonian (46) and (72) respectively. The Hamiltonian are not related under canonical transformation, contain different operator ordering ambiguities, yield different zeroth order on-shell action and over and above different semiclassical wave-function. Since both the Hamiltonian are potentially viable in the classical as well as in the quantum domain, therefore, there is no way to pick up one as the correct description of the theory (34) under consideration. Thus one encounters the pathology of degenerate Hamiltonian, yet again. Finally, in the following subsection, we briefly describe yet another situation, which had been treated earlier and the same pathology had already been encountered.
Modified Einstein-Gauss-Bonnet-Dilatonic coupled action.
The fact that different formalisms produce different Hamiltonian, which are not related under canonical transformation, was first observed in a recent article [16] following an attempt to establish canonical structure of the action containing Einstein-Gauss-Bonnet-Dilatonic coupled action in the presence of scalar curvature invariant term, which we dub as MEGBD theory. The action was taken in the following form,
The role of the supplementary boundary terms ΣR and Σ R 2 have already been described. In the present action another supplementary boundary term viz. ΣG = 4 ∂V 2Gij K ij + K 3 √ hd 3 x is required for Gauss-BonnetDilatonic coupled sector. In the above, γ(φ) is the coupling parameter and V (φ) is the dilatonic potential. The symbol K stands for K = K 3 − 3KK ij Kij + 2K ij K ik K 
as a result, the action (90) in terms of the basic variable z takes the form, 
In the above, prime denotes derivative with respect to φ . The above set of equations admits the following inflationary solutions ( k = 0, N = 1 ) a = a0e Λt and φ = φ0e −Λt , under the condition,
